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Particle moving along a line. TDSE

X(t)
,

X(t)
,

Y (t)
,

Vix it &UX.T My IxtS

position va potential &
Kinetic energy : EmV = Ema ↳
Potential energy : VIX) ⑫

in (n (p(x,y) = Et + d

Total energy E = A + D = Emx + Vix) en14(x,t))=
Vix) = -ma = - mx

4(x, +)=kexp)-

-

E
4(x, 0) = 4(x) = k

Momentum : p = mu = mx = Kinetic energy : Pin. B 4(x, +) = exp)- +)4(x)

Potential energy : VIX) &

Total energy : E = B + D =P Vix

Hamiltonian function : H(X, pl= Vix

2H(X,P) = 2 m = m = X
ap

-CH v(x) = vx = m

Wavefunction : 4(x) State of the particle

Probability density : 14(xP(Pdx = 1)

Mean value : x= xp(x)dx = f xxidx
Uncertainly in position (variance) : (0xi = (x - x) = (x - 2xx + y) = =-

Hilbert Space

Two wavefunctions (4. (x)
. 42(x) from Hilbert space

43(x) = C14! (X) + C42(X) (linear combination

Quantum state Us(x) is a superposition of state Yx) and UX) ,
with weights C. and C

.

14, (x)1
=

= 1C4= (x) + C42(x)) = 12914+ (x)p + 1621142(x)P + C= 4= (x)42(x) + C
*

C4*(x)4. (x)

: 1A + BR = 1AP + IBP + A
*

B + B
*

A Interference (* <4. (x) 142(x)) = 0

orthonormal
.F:n *)

Operator

p = - ih8x

j = -n
# =_- + V(x) (A4(x)) =- + V
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Particle moving on a ring: Eigenvalue problem of the angular momentum operator

X +

10 de
= Rdy [4(4) = (414)

-did (n = Gk(k(2)

-

in e le
L en41y) = -y + A

Er =hi =

2 mr
↑ (4) = (exp)- i y)

414 + 2xk)= 4(y)

Kinetic energy : T= Emr= Emcrifi = EmRif Cexps-iny .2= Cexp)=
-

y,
r= R p = mv= mRig

Angular momentum : =(Le = mRi)) exp)-zih = 1(e
*

= cos(x) +

Lin x-y plane isin (x)

Classical Hamiltonian function : H = T== cos(-2hk) + isin)- 25k) = 1

11

= momentum of inertia and Le I O

-
= -G = 0 (4) T 2πhk = 2xk

L = hk

Y(t) = y(to)+ to
2 = kt

Operator TISE TDSE
EPABEE + itsE

↑ 4 10) = Ey(y) in+ 4 1t, 4) = #41, y1ina -he P() = EY(Y) BEAy"+ Variable Separationa
y(x) = 41y)

x = - E -4

4(y + 2x) = p(y) B
.
C 410)=p Try 4141 = eve

① 4(t, 4) = T() p(y)
Yiy) +

xy , 4) = re+ Ge* = 0

141411d = 1 (k = - 2mR r = k = r = Lik ② iteithtipign = - Titip
4(y) = Ae + Be

4n(y) = (expliky)
Zuler : ex = cos(x) + isin(x)

Normalized &(4) =

Crosby
+ Din ys

itgig =

Thi), aNac) = Ceike in t-Ziry) dy = 1

⑪
2mR" p(y)

c = ① inOTH = TCE (Timei

Same
4x(4) = I expli

1

2.=
↳2

in en Tie) = Et

T(z) = exp)- i)

② pl =_
zmrzy

Features of the eigenvalue spectrum, degeneracy ply)= (4(()

Ground state : En = 0 <k = 0) , 4014)= 4(T, y) = e
= "p,y

Excited state : En =t > 0

Ex =T

Non-degeneracy : Es

FA FELTS

Doubly degeneracy : Exc = En =

↓ &
4+n(Y) = j exp(+ iky)

=>Standing wave

4-n(y) = exp(- iky)

My / Pcdy = 0 -> orthonormal



Physical meaning of the obtained eigensolutions

F = Hamiltonian operator, energy operator

[ = Angular momentum operator

-Ext
4.

(t . y) = Yo(y) e

The ground state : Post. 4) = - zero energy/zero angular momentum (no motions

For R10
,

the stationary state ↑It. 4) =

Fea
Cos(e)Ent

sinckysEst

↳ Pertinent angular probability : Ecosys , E sincky

Experimental relevance(spectroscopy !

Edinitial - Elfinal = 2h
wavelength of absorbed light

General Quantum state

4(4)=c) (4

C =Cde Pres Paces

simple matter to prove that : .de 14ip1=   = 1

↑ (4)=
↑ Sto

. 4) = B+14

↑(t
, 4)=Cat(y)
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Quantum measurement : Particle on a ring as an example

4141= 1)=dyte

11414 = (
*

de 4
+

(41414) =11

Detector measuring the energy

PlEo) = ICoR = 10 Kolk

PlEx) = 1C.xi + 1C -xP = 10(( +n)k + 101 -p)p(k - 0)

Assuming unie normalization
,=

C04014) = $12) 41%)

& The passage (jump) due to measurement is called again

C+r4+x(4) + C
.xY-r(() = q(L -x)4+ (Y) + P(L -x)4-x(y) wavefunction collapse

Detector measuring the position

p(y== y = y) = (
*

14(4)Pdy==(= Normalizationa

pla = L = (12)=

Particle moving along a line 14(X)12 probability density for position X

101p) P probability density for momentum pAssume R + 00 (Radius be infinitel=Re angular momentum

=-in = -= momentum operator For R+ oo
, Sp=

Normalization:= Idx
=d=

Co14(x11dx = ) 14141 = 1

4 (x) = 4147

Normalization : [01pm&P
A

10 11. dL =

(nP((r) = &(Pr)



j = [101 p11dp
op = / j2 - p ,

2 = [00pp ,p)1dp

TDSE for a free particle moving along a straight line

# = --
in 41t. x) = =24(t, x)

e
+ EPY

is an eigenfunction

of both p and M. (but not

square integrable function IePX, od

The Heisenberg uncertainty principle

4(x) - mean > and uncertainty10x)

Y (0x)10p Quantum particle have no trajectory.

#(p) = mean p and uncertainty lop

Quantum harmonic oscillator :

Ladder operator: =(mw
at = (mw-m
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Ret1 bra vector, closure
,

Scalarproduction (Dirac

bogke

(4+ 142) = (x) + (xdx

< 4= 1 H2) = <42 14
*

< Pel0e) = See



QC : Discipline of physics dealing with microworld
.

Object of microworld : elementary particles (elections
, photon,

... )
,

atoms
,

molecules

Length scale :
< 1/m 110 m) example : nanostructure

,

molecules
,

atoms

Time dependent Schrodinger eq .

atoms

Why important : Understanding the property of matter (molecules from first principles .

materials

&M gives foundation of electronic

structure theory of atoms and molecules

spectroscopy

theory of reaction mechanisms
,

rate constants

i
QM enables to predict new phenomenia

Difference : can not imagine how does a Quantum particle look like.

wavefunction , operators

uncertainty principle (oX)(p)

quantization (energy levels
, angular momentum

play dice I stochastic nature of QM
, probability)

EU EPB

quantum entanglement

= E

wave-particle duality



Kinetic potential

Classical mechanisms= Hamiltonian H= Vix

Passage to QM : p
+p = - ihzx P4(x) = - in24(x

2X

X + Y = X Yy(x) = xy(x)

H + =- + V(x)

TDSE : in+ 41x,+ ) = 54'x, +) = - ch4(t, x) + V(x)4(X, 2)

What is TDSE good for : suppose at t = to
,

4(X, to) = 40(x)

TDSE enables us solving U(X.+) (t+ to

in ? (x.+) = M 4 (x
, t) ; 4 (x,

to) = Po(X)

TISE : FUmX) = EmUm(X) m : labels different solutions

Eigenvalues good for : measurements of energy of our particles gives one of the Em's.

one can't get a measurement outcome which is not one of the Emis.

TISE - TDSE : We expand PoIX) = ZCmYm(x
Cm = (4m1 % ) = 104m

*

(x) Po(x)dx

4(t, x) = Po(x) . exp)
- & Emit-tol) =CmYm(x) · expl-EEmIt-Fo



eigenvalue

- Normalization :

Niced = 7

F =- My (y) = E4 14) - Tall =Abeled
= - in [4(4) = (4(y)

· in 3,4141 = 2014 A=

up Pr(p)=

entik=
Pr(p)=

Eigenvalue of [((m = kh) Eigenvalue of M1 En = ch
xIn

-5 ju

4

t in-4 I

2 -

= 2 2

1 -

k= -11

0- Ground state (non-degenerate
k= 0

Orthonormality relations (414)= les Paceldy = Juni&

TDSE : it? 410,
+) = A 4 14,

+

Expand &14) in the Orthonormal basis set (4)=Crimi : Cm = Cmd=Nice Dis de

Propagate in the time : P(, 4=CmUm1y) · e Emy



What it means ifp(x) must be square integrable : 14x1dx0

Normalization: (x) = Cyly

1p(xdx = c) 4(x)1dx = 1

1
=f(x) =

1
4(Xc

= 14(x1dy Jx

Meaning of 14(X11 (4IX) is normalized) : Probability density around X.

Probability between X = -7 and x = 3 : (xPdx = p(7 xxx3)

How to get from ↓IX) an information about the momentum probability density ?

Fourier transform into p-presentation : 4)=Mixedx Ex

141p1p = momentum probability density

p = 10 p141p)dp
j2 = 10 patpipdp

(0p) = jz - ip)


